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Abstract: We consider the 2D Landau Hamiltonian H perturbed by a random alloy- type 
potential, and investigate the Lifshitz tails, i.e. the asymptotic behavior of the corresponding 
integrated density of states (IDS) near the edges in the spectrum of H. If a given edge coin- 
lf} ■ cides with a Landau level, we obtain different asymptotic formulae for power-like, exponential 

sub-Gaussian, and super-Gaussian decay of the one-site potential. If the edge is away from the 
| Landau levels, we impose a rational-flux assumption on the magnetic field, consider compactly 

O ' supported one-site potentials, and formulate a theorem which is analogous to a result obtained 

by the first author and T. Wolff in [25] in the case of a vanishing magnetic field. 
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Let 



Hq = H (b) := (— iV - A) - b (1.1) 

be the unperturbed Landau Hamiltonian, essentially self-adjoint on C^°(M 2 ). Here A = 
(~ 21 ^f 1 ) * s ^ e ma g ne tic potential, and b > is the constant scalar magnetic field. It 
is well-known that if b > 0, then the spectrum a(H ) of the operator H (b) consists of 
the so-called Landau levels 2bq, q G Z + , and each Landau level is an eigenvalue of infinite 
multiplicity. If b = 0, then H = —A, and <r(H ) = [0, oo) is absolutely continuous. 
Next, we introduce a random Z 2 -ergodic alloy- type electric potential 

V(x) = V w {x) := V] uj^u[x - 7), x e M 2 . 

Our general assumptions concerning the potential V w are the following ones: 

• Hi: The single-site potential u satisfies the estimates 

< u(x) < C (l + \x\)-", x G R 2 , (1.2) 

with some x > 2 and Cq > 0. Moreover, there exists an open non-empty set 
Act 2 and a constant C\ > such that u(x) > C\ for x G A. 
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• H2: The coupling constants {c<J 7 }^ gZ 2 are non-trivial, almost surely bounded i. i. 
d. random variables. 

Evidently, these two assumptions entail 

M := ess-sup sup < 00. (1.3) 

On the domain of H define the operator H = H u := HQ{b) + V u . The integrated density 
of states (IDS) for the operator H is defined as a non- decreasing left-continuous function 
jVfe : R — > [0, 00) which almost surely satisfies 

/ tp(E)dJ\fb(E) = lim R~ 2 Tr (1 A ^(#)1 A J , Vy? G (7g°(R). (1.4) 

Here and in the sequel 1q denotes the the characteristic function of the set O, and 
Ar := (— -f , Ir ) • By the Pastur-Shubin formula (see e.g. [36, Section 2] or [11, Corollary 
3.3]) we have 

/ (p(E)dN b (E) = E (Tr (l Al <p(H)l M )) , V<^ G Cg°(R), (1.5) 

where E denotes the mathematical expectation. Moreover, there exists a set E C R 
such that ^{H^) = E almost surely, and supp dA/j, = E. The aim of the present article 
is to study the asymptotic behavior of Mb near the edges of E. It is well known that, 
for many random models, this behavior is characterized by a very fast decay which goes 
under the name of "Lifshitz tails" . It was studied extensively in the absence of magnetic 
field (see e.g. [31], [15]), and also in the presence of magnetic field for other types of 
disorder (see [2], [6], [12], [7], [13]). 

2 Main results 

In order to fix the picture of the almost sure spectrum a(H u ), we assume b > 0, and 
make the following two additional hypotheses: 

• H 3 : The support of the random variables u; 7 , 7 G Z 2 , consists of the interval 
[cj_,cj + ] with < uj + and uj^uj + < 0. 

• H 4 : We have M + — M_ < 2b where ±M± := ess-sup^ sup x£R 2 (±K,(a;)). 

Assumptions Hi - H 4 imply M_M+ < 0. Moreover, the union U^L [2bq + M_, 2bq + M + ] 
which contains E, is disjoint. Introduce the bounded Z 2 -periodic potential 

W(x) := ^ u ( x ~l), xeR 2 , 
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and on the domain of Hq define the operators H ± := Hq + u±W. It is easy to see that 
a(H~) C U^ =0 [2bq + M_, 26g], <r(# + ) C U^ =0 [26g, 26g + M + ], 

and 

<r(fr) n [26g + M_, 26g] ^ 0, a(# + ) n [26g, 26g + M + ] ^ 0, Vg G Z+. 

Set 

£~ := inf {o"(i7") n [2bq + M_,26g]}, := sup {a(H + ) n [26g, 26g + M+]}. 

Following the argument in [16] (see also [31, Theorem 5.35]), we easily find that 

£ = u^ [£",£+], 

i.e. E is represented as a disjoint union of compact intervals, and each interval [E~ , E+] 
contains exactly one Landau level 2bq, q E Z + . 

In the following theorems we describe the behavior of the integrated density of states 
Mb near E~ q E Z + ; its behavior near E+ could be analyzed in a completely analogous 
manner. 

Our first theorem concerns the case where E~ = 2bq, q G Z + . This is the case if and 
only if = 0; in this case, the random variables cj 7 , 7 G Z 2 , are non-negative. 

Theorem 2.1. Let b > and assumptions Hi - H4 hold. Suppose that uj_ = 0, and 
that 

F(lv <E)~CE K , EiO, (2.1) 

for some C > and k > 0. Fzx i/ie Landau level 2bq = E~ , q G Z + . 

^ Assume that C_(l + H)^ < u(a;) < C+(l + l^l) - ^, x G M 2 , for some x > 2, and 

C + > C_ > 0. Then we have 

Um In I In (jV b (2bq + E) - M b (2bq))\ _ 2_ 

eJo ln£ x-2' 1 ' ' 

11) Assume e ~^^ < u(x) < ^^'^ , x EM 2 , (3 E (0, 2], C+ > CL > 0. Then we have 

hi\ln(jV b (2bq + E)-jV b (2bq))\ _ 2 
e$ ln|ln£| /3' 1 ' ' 

m) Assume 1{ia2 g" Iol<E} < u(x) < e ~°~^ for some C + > C_ > 0, x E R 2 , and 
e > 0. Then there exists 5 > snc/i £/iat 

E|o In I In 

E|o In I In El 
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The proof of Theorem 2.1 is contained in Sections 3-5. In Section 3 we construct 
a periodic approximation of the IDS Mb which plays a crucial role in this proof. The 
upper bounds of the IDS needed for the proof of Theorem 2.1 are obtained in Section 
4, and the corresponding lower bounds are deduced in Section 5. 

Remarks: i) In the first and second part of Theorem 2.1 we consider one-site potentials u 
respectively of power-like or exponential sub-Gaussian decay at infinity, and obtain the 
values of the so called Lifshitz exponents. Note however that in the case of power-like 
decay of u the double logarithm of Mbi2bq + E) — N{2bq) is asymptotically proportional 
to \n.E (see (2.2)), while in the case of exponentially decaying u this double logarithm is 
asymptotically proportional to In | h\E\ (see (2.3)); in both cases the Lifshitz exponent 
is defined as the corresponding proportionality factor. In the third part of the theorem 
which deals with one-site potentials u of super-Gaussian decay, we obtain only upper 
and lower bounds of the Lifshitz exponent. It is natural to conjecture that the value 
of this exponent is 2, i.e. that the upper bound in (2.4) reveals the correct asymptotic 
behavior. 

ii) In the case of a vanishing magnetic field, the Lifshitz asymptotics for random Schro- 
dinger operator with repulsive random alloy-type potentials has been known since long 
ago (see [17]). To the authors' best knowledge the Lifshitz asymptotics for the Landau 
Hamiltonian with non-zero magnetic field, perturbed by a positive random alloy-type 
potential, is considered for the first time in the present article. However, it is appropriate 
to mention here the related results concerning the Landau Hamiltonian with repulsive 
random Poisson potential. In [2] the Lifshitz asymptotics in the case of a power-like 
decay of the one-site potential u, was investigated. The case of a compact support of u 
was considered in [6] . The results for the case of a compact support of u were essentially 
used in [12] and [ ] (see also [13]), in order to study the problem in the case of an 
exponential decay of u. 

Our second theorem concerns the case where E~ < 2bq, q G Z+. This is the case if 
and only if uj^ < 0. In order to handle this case, we need some facts from the magnetic 
Floquet-Bloch theory. Let T := g{L © g-{l> with gj > 0, j = 1, 2. Introduce the tori 



where T* := 2tt g^Z © lixg^Z is the lattice dual to T. Denote by O v and Of the 
fundamental domains of Tr and Tp respectively. Let W : M 2 — > K. be a T-periodic 
bounded real- valued function. On the domain of H define the operator Hyj := H Q + W. 
Assume that the scalar magnetic field b > satisfies the integer-flux condition with 
respect to the lattice T, i.e. that bgig2 G 2-7rZ + . Fix 9 G Tp. Denote by ho(9) the 
self-adjoint operator generated in L 2 (Or) by the closure of the non- negative quadratic 
form 



T r := R 2 /T, T r := R 2 /T*, 



(2.5) 
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defined originally on the set 

f = g\ n I g e C°°(M 2 ), {r 7 g)(x) = g(x), x e R 2 , 7 e r 

where r y , y G IR 2 , is the magnetic translation given by 

(t^Xx) := e i6ffl ^e^^(x + y), x G K 2 , (2.6) 

with xAy:= xxy^ — x^yi- Note that the integer-flux condition implies that the operators 
r 7 , 7 G T, commute with each other, as well as with operators + Aj, j — 1,2 (see 
(1.1)), and hence with if an d i?w- m the case 6 = 0, the domain of the operator /i is 
isomorphic to the Sobolev space H 2 (Tp), but if b > 0, this is not the case even under 
the integer-flux assumption since ho acts on ?7(l)-sections rather than on functions over 
HY (see e.g [30, Subsection 2.2]). On the domain of h define the operator 



h w (6):=h (8)+W, 9eT* r . (2.7) 



Set 



H := / ®h (9)d9, H w := / ®h w {d)d6. (2.8) 
Jo* Jo* 

It is well-known (see e.g [10], [35], or [30, Subsection 2.4]) that the operators H and 
H w are unitarily equivalent to the operators TCo and 7i>v respectively. More precisely, 
we have H = U*H U and H w = U*H W U where U : L 2 (R 2 ) -> L 2 (O r x 0* r ) is the 
unitary Gelfand-type operator defined by 

(^/)(x^):=^i==^e-^)(r 7 /)(x), x G Or, G Tp. (2.9) 

Evidently for each 9 G Tp the spectrum of the operator hy^{6) is purely discrete. Denote 
by {Ej(6)}°° =l the non-decreasing sequence of its eigenvalues. Let E G M. Set 

J(£) : = { j g N ; there exists 9 G Tp such that ^-(0) = _E} . 

Evidently, for each £ 6 1 the set J(E) is finite. If E G R is an end of an open gap 
in a(Ho + W), then we will call it an edge in a(Ho + W). We will call the edge E in 
u{Hq + W) simple if #J(E) = 1. Moreover, we will call the edge non-degenerate if 
for each j G J(-E) the number of points 9 G Tp such that -Ey(0) = -B is finite, and at 
each of these points the extremum of Ej is non-degenerate. 

Assume at first that 6 = 0. Then Ho = —A, and we will consider the general d- 
dimensional situation; the simple and non-degenerate edges in a(— A + W) are defined 
exactly as in the two-dimensional case. If W : M d — » K is a real-valued bounded periodic 
function, it is well-known that: 
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• The spectrum of — A + W is absolutely continuous (see e.g. [33, Theorems XIII. 90, 
XIII. 100]). In particular, no Floquet eigenvalue Ej : — > E, j G N, is constant. 

• If d — 1, all the edges in cr(— A + W) are simple and non-degenerate (see e.g. [33, 
Theorem XIII.89]). 

• For d > 1 the bottom of the spectrum of —A + W is a simple and non-degenerate 
edge (see [19]). 

• For d > 1, the edges of <r(— A + W) generically are simple (see [24]). 

Despite the widely spread belief that generically the higher edges in cr(— A + W) should 
also be non-degenerate in the multi-dimensional case d > 1, there are no rigorous results 
in support of this conjecture. 

Let us go back to the investigation of the Lifshitz tails for the operator —A +V U . It 
follows from the general results of [16] that E~ (respectively, E + ) is an upper (respec- 
tively, lower) end of an open gap in cr(— A + V^) if and only if it is an upper (respectively, 
lower) end of an open gap in the spectrum of —A + ujJW (respectively, —A + uj + W). 
For definiteness, let us consider the case of an upper end E~ . The asymptotic behavior 
of the IDS Afo(E) as E j E~ has been investigated in [28] - [29] in the case d — 1, and 
in [19] in the case d > 1 and E~ = inf cr(— A + uJW). Note that the proofs of the 
results of [28], [29], and [19], essentially rely on the non- degeneracy of E~ . Later, the 
Lifshitz tails for the operator —A + V w near the edge E~ were investigated in [15] under 
the assumptions that d > 1, E~ > inf a (—A + uj-W), and that E~ is non-degenerate 
edge in the spectrum of —A + ujJW\ due to the last assumption these results are con- 
ditional. However, it turned out possible to lift the non-degeneracy assumption in the 
two-dimensional case considered in [25]. First, it was shown in [25, Theorem 0.1] that 
for any single-site potential u satisfying assumption Hi, we have 

ln|ln(AT (E-+E)-Ar (E-))| 

lim sup — < 

eio In E 

without any additional assumption on E~ . If, moreover, the support of u is compact, 
and the probability P(co> — uj- < E) admits a power-like decay as E J. 0, it follows from 
[25, Theorem 0.2] that there exists a > such that 

r ln|ln(Ar o (^+E)-ATo(^))| 

hm — = — a 2.10 

eio ln£ v ; 

under the unique generic hypothesis that E~ is a simple edge. Note that the absolute 
continuity of <r(— A + u_W) plays a crucial role in the proofs of the results of [25]. 
Assume now that the scalar magnetic field b > satisfies the rational flux condition 
b G 27rQ. More precisely, we assume that b/2ir is equal to the irreducible fraction p/r, 
p G N, r G N. Then b satisfies the integer-flux assumption with respect, say, to the 
lattice T = rZ © Z, and the operator H~ is unitarily equivalent to 7"C_vy- As in the 
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non-magnetic case, in order to investigate the Lifshitz asymptotics as E { E~ of Afb(E), 
we need some information about the character of E~ as an edge in the spectrum of H~ . 
For example, if we assume that E~ is a simple edge, and the corresponding Floquet 
band does not shrink into a point, we can repeat almost word by word the argument of 
the proof of [25, Theorem 0.2], and obtain the following 

Theorem 2.2. Let b > 0, b G 27rQ ; and assumptions Hi - H 4 hold. Assume that the 
support of u is compact, < 0, and P(cl>o — ljJ - < E) ~ CE K , E { 0, for some C > 
and k > 0. Fix q G Z + . Suppose E~ is a simple edge in the spectrum of the operator 
H~ , and that the function Ej, j G J(E~), is not identically constant. Then there exists 
a > such that 

r ln\]n{Af b (E-+E)-Af b (E-))\ 

hm — = —a. (2.11) 

eio \nE v ; 

Remarks: i) It is believed that under the rational-flux assumption the Floquet eigen- 
values Ej, j G N, for the operator H~ generically are not constant. Note that this 
property may hold only generically due to the obvious counterexample where u = 
H~ = Hq + and for all j G N the Floquet eigenvalue Ej is identically equal to 
2b(j — 1) +uj^. Also, in contrast to the non-magnetic case, we do not know whether the 
edges in the spectrum of H~ generically are simple. 

ii) The definition of the constant a in (2.11) is completely analogous to the one in (2.10) 
which concerns the non-magnetic case. This definition involving the concepts of Newton 
polygon, Newton diagram, and Newton decay exponent, is not trivial, and can be found 
in the original work [25], or in [22, Subsection 4.2.8]. 



3 Periodic approximation 

Pick a > such that ^ G N. Set L := (2n + l)/2, n G N, and define the random 
2LZ 2 -periodic potential 

V per (x) = V^(x) := (K,1a 2 J(* + 7), ^M 2 

7S2LZ 2 

On the domain of Hq define the operator H pcv = H^™ := Hq + V£™. For brevity set 
T2L := T 2 lz2, T\ L := ^li? ( see (2-5))- Note that the square A 2 l is the fundamental 
domain of the torus T 2 l, while A* 2L := A^l-i is the fundamental domain of T^. As in 
(2.7), on the domain of ho define the operator 

h(6) = h pcr (9) := ho{6) + V per , 9 G T* 2L , 

and by analogy with (2.8) set 

H pcv := [ © h pcv (9)d9. 
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As above, the operators Hq and H per are unitarily equivalent to the operators Tio and 
H per respectively. Set 

J\f pcv (E) = Af%Z( E ) ■= (27r)" 2 / N{E; h pcr (9))d9, EeR. (3.1) 

Here and in the sequel, if T is a self-adjoint operator with purely discrete spectrum, 
then N(E; T) denotes the number of the eigenvalues of T less than £g1, and counted 
with the multiplicities. The function A/" per plays the role of IDS for the operator H pcT 
since, similarly to (1.4) and (1.5), we have 

/ <p{E)dM»*{E) = lim iT 2 Tr (l A ^(^ pcr )l A J 

almost surely, and 

E^J^(E)d^(E)^j = E (Tr (l AlV ?(iP er )l Al )) , (3.2) 

for any ip G C^°(R) (see e.g. the proof of [21, Theorem 5.1] where however the case of 
a vanishing magnetic field is considered). 

Theorem 3.1. Assume that hypotheses Hi and H2 hold. Let q G Z +; 77 > 0. Then 
there exist v > and Eq > such that for E G (0, £"0] and n > E~ u we have 

E {M pcr {2bq + E/2) - M VCT {2bq - E/2)) - e~ E ~ v < M b {2bq + E) - M h {2bq - E) < 

E (Af pcr (2bq + 2E) - Af pcr (2bq - 2E)) + e~ E ~\ (3.3) 

The main technical steps of the proof of Theorem 3.1 which is the central result of this 
section, are contained in Lemmas 3.1 and 3.2 below. 

Lemma 3.1. Let Q = Q G L°°(R 2 ) ; X := H + Q, D(X) = D(H ). Then there exists 
e = e(b) > such that for each a, (3 G Z 2 , and zeC \ we have 

\\ Xa {X - z)- l X p\\ U s < 2 b -^r (l + ^y) e**"^ (3.4) 

where Xa '■= 1ai+«; « £ Z 2 ; v( z ) = v{ z 'ib,Q) '■= mri^^i > II ' IIhs denotes the Hilbert- 
Schmidt norm, and \Q\00 '■= \\Q\\l°°(m?)' 

Proof. We will apply the ideas of the proof of [20, Proposition 4.1]. For (el 2 set 
X 5 := e^ x Xe-^ x = (z'V + A- i£) 2 + Q = X - 2z£ • (z'V + A) + |£| 2 . 
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Evidently, 

Xi - z = (X - z) (1 + (X - z)- 1 (|e| 2 - 2ii ■ (zV + A))). (3.5) 

Let us estimate the norm of the operator (X — z)" 1 (|£| 2 — 2i£ • (iV + A)) appearing at 
the right-hand side of (3.5). We have 

||(X-^)^|e| 2 ||<|e| 2 dist( 2 ,a(X))^, 

\\(X - z)-^ ■ (iV + A)\\ < 
2\\(H + l)- 1 ^ +A)-£ — (X — z)~\Q - z -l)(H + lJ-^zV + A) • f || < 

2C ( 1 + ^) lfl 



with 



C = C(b) := \\(H Q + \)- L {iV + A)\\ = sup 



gez+ 2bq + 1 

Choose e 6 ^0, 8( - c 1 +1 - ) J and (6l 2 such that |£| = &]{z). Then, by the above estimates, 
we have 

|| (X - z)' 1 (Kl 2 - 2it • (iV + A)) || < e 2 r^) 2 dist(z, apT))" 1 + 2Ce (l + -L) v (z) < 

e 2 7](z) + 2Ce(l + 77O)) < e 2 + 4Ce < 3/4 (3.6) 

since the resolvent identity implies rj(z) < 1. Therefore, the operator -Xg — 2; is invertible, 
and 

Xa {X - z)- l X p = (e-* x Xa ) Xa(Xs - z^xp (e^Xp) ■ (3.7) 
Moreover, (3.5) and (3.6) imply 

\\ Xa (Xt - z^xpWes < 4||(X - z^xpWhs < 
A\\(H + ly'xp - (X - z)~\Q - z - 1)(H + 1)- 1 X/ 3 ||hs < 

4||(flo + l)- 1 ^||Hs(l+||(A'-z)- 1 (g- 2( -l)||) < 4||(iJo + l)^||HS (l + ■ (3.8) 

Finally, applying the diamagnetic inequality for Hilbert-Schmidt operators (see e.g. [1]), 
we get 

\\(H + 1)- 1 x^||hs < ||(#o + l)^(^o + 6 + 1)1111(^0 + 6+ ir'xphs < 
\\(H + 1)-\H + 6+l)|| ||(-A + ly^Wns = 

9 



sup 



269+6+1 K-A + i)-' w r 6+1 



geZ+ 2bq + 1 
The combination of (3.7), (3.8), and (3.9) yields 

2(6+1) 



HS 



27TV2 ' 



(3.9) 



\Xa(X - z) 1 X/5t||HS < 



7T 



1/2 



-«(a-/J) f 1 + 



r)(z) 



Choosing £ = erj(z 



a-/3 
\a-P\ 



we get (3.4). 



□ 



Lemma 3.2. Assume that hypotheses Hi and H2 hold. Then there exists a constant 
C > 1 such that for any (f £ Cg°(R), and any n 6 N, 1 6 N, we have 



E 



ip{E)dftf b {E) - / ip(E)dX per (E) 



< 



cn -l e Cl\o g l gup 

xGK, 0<j<i+5 



(|*| +C) 



«+5 



(3.10) 



Proof. We will follow the general lines of the proof of [23, Lemma 2.1]. Due to the fact 
that we consider only the two-dimensional case, and an alloy-type potential which is 
almost surely bounded, the argument here is somewhat simpler than the one in [23]. By 
(1.5) and (3.2) we have 

e( [ <p(E)dAf b (E) - [ <p(E)dAf^(E)) =E(Tr (l Al (^(i/)-^(/d pcr ))l Al )). 

Next, we introduce a representation of the operator <p(H) — (p(H pcr ) by the Helffer- 
Sjostrand formula (see e.g. [4, Chapter 8]). Let (p be an almost analytic extension of 
the function if £ Co°(R) appearing in (3.10). We recall that (p possesses the following 
properties: 

1. If Im z = 0, then <p(z) = (p(z). 

2. supp C {x + iy £ C; \y\ < 1}. 

3. <p £ S({x + iy £ C; \y\ < 1}). 



4. The family of functions x 
any m £ Z + . 



9<fi t 
dz 



x + iy)\y\ m , \y\ £ (0, 1), is bounded in <S(R) for 



Such extensions exist for if £ S(M.) (see [27], [4, Chapter 8]), and there exists a constant 
C > 1 such that for any m > 0, a > 0, /3 > 0, we have 



sup sup 

0<M<1 x£R 



X 



dx 13 



di {x+ly) 



< 



10 



^ log m+a log gup gup 

l3'<m.+l3+2, a'<a xSK 



X 



(3.H) 



Then the Helffer-Sjostrand formula yields 

E{Tt{l M {tp(H)-<p{IP~))U 1 )) = 

±E (Tv (jf (l Al ((H - z)' 1 - (H^ - z)- 1 ) l Al ) ttedj/) 



1. 



-E Tr 



_ » (l Al (tf - z)" 1 ^ - V){H^ - zY l l Kl ) dxdyjj . (3.12) 

Next, we will show that l Al (H — z)~ 1 (l /pcr — V)(H per — z) _1 l Al is a trace-class operator 
for 2 £ C \ t, and almost surely 



\l Al {H - z)-\V peI - V)(H^ - z)' 1 !^ < 



M{b + r 

2tt 



1 + 



M + 


z\ 


+ 1 




Im z 





(3.13) 



where ||.||tt denotes the trace-class norm. Evidently, 

||l Al (# - z)-\V** - V)(H^ - z)- 1 ^ |b < 

||l Al (£T + l)^||Hsll(^ pcr - V)\\\\(H + l)(H - zr'WKHo + 1)(H^ - z)^. (3.14) 

By (3.9) we have ||l Al (i?"o+l) _1 ||| s < Moreover, almost surely ||V pcr -V|| < 2M. 

Finally, it is easy to check that both norms \{Hq+\){H-z)- x \ and || {E^\){H pcT - z)- x || 
are almost surely bounded from above by 1 + M ^ 8 jf 1 , so that (3.13) follows from (3.14). 
Taking into account estimate (3.13) and Properties 2, 3, and 4 of the almost analytic 
continuation (p, we find that (3.12) implies 

E(Tr (l^MB) - <p(H*-))l Al )) = 



l - I ^WE(Tr (l Al (H-zr\V^-V)(H 



per 



'H^dxdy. (3.15) 



Our next goal is to obtain a precise estimate (see (3.19) below) on the decay rate as 
n — > oo of 

E (Tr (l Al (H - zy\V^ - V){H^ - z)~ l l Al )) 
with z G C \ M and |Im z\ < 1. Evidently, 

E (Tr (l Al (H - z)-\V pci -V)(H p ^ - z)- 1 ^)) = 

E (Tr (l Al ((£T - z)-^^ - ^)(^ pcr - a)" 1 ) l Al )) 

aeZ 2 ,|a|oo>na 
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where \a\oo '■= maxj = i j2 \aij\, since V pev = V on A 2 l, and therefore Xa(V peT — V) = if 
|a|oo < ^a. Hence, bearing in mind estimates (1.3) and (3.4), we easily find that 

|E (Tr (l Al (H - z)- 1 ^ - V)(H pcr - z)' 1 ^)) \ < 

e (\\xq(h - zy^xjy** - v)(h^ - zy'xoWTr) < 

a&Z 2 ,\a\ 

2M E (HXoOff " ^"'XallHsllXa^ " ^XoHhs) < 

«£Z 2 ,|a|oo>na 

M(6 + 1F / M + M +2 y E f 2<|a||»| \ 

for every z = x+iy with < |y| < 1. Using the summation formula for a geometric series, 
and some elementary estimates, we conclude that there exists a constant C depending 
only on e such that 

V exp ( 2eHM ^ <(l + C ^ +M + 2 ) exp ( aew|y| ) 
^ eXP { \x\+M + 2 ~ V |y| J 6XP ^ \x\ + M + 2 

(3.17) 

provided that < |y| < 1. Putting together (3.16) and (3.17), we find that there exists 
a constant C = C(M, b, e, a) such that 

|E (Tr (l Al (H - z)-\V* - V)(H»- - z)~H Al ))\ < C (M±£) ' -P (" j^) ■ 

(3.18) 

Writing 

x|+C\ 3 / aen\y\ \ . , ( \x\ + C\ 3+1 ( aen\y\\ l ( aen\y\ 
ex P ~r~< — ~~k = \ aen ) — rn — r~t — 7^ ex P 



\y\ ) \ \x\ + cj V \y\ J VM + w V M + c 

with Z G N, and bearing in mind the elementary inequality t l e~ l < {l/e)\ t > 0, I 6 N, 
we find that (3.18) implies 

|E (Tr (l Al (tf - z)-\V** - V)(H^ - z)~ l l Al )) \ < 

C(aee)- l n~ l (^p) + e" 08 ', 1 ^ K ( 3 - 19 ) 
Combining (3.19) and (3.15), we get 

|E (Tr (l Al ((p(H) — (p(H pci ))l Al )) \ < 
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- f(\x\ + C)- 2 dx (aee)- l n- l e llosl sup sup (|x| + C) l+5 \y\- {l+3) 

71 Jr 0<\y\<l x£R 

(3.20) 

Applying estimate (3.11) on almost analytic extensions, we find that (3.20) entails (3.10). 

□ 

Now we are in position to prove Theorem 3.1. Let <p + G Cq°(R) be a non-negative 
Gevrey-class function with Gevrey exponent g > 1, such that L tp + (t)dt = 1, supp ip + C 
[— f-, -§] • Set $ + := l^bq-M. 26q+^] *V?+- Then $ + is Gevrey-class function with Gevrey 
exponent g. Moreover, 

l[2bq-E,2bq+E](t) < < 1 \2bq-2E ,2bq+2E] (t) , t G M. 

Therefore, 

M(26g + E) — M b {2bq - E) < E (A/" pcr (2&g + 2£) - N pcr (2bq - 2E)) + 



— {x + iy) 



I e N. 



E 



$ + (t)dN b (t) - / $ + (t)dAA per (i) 



(3.21) 



Applying Lemma 3.2 and the standard estimates on the derivatives of Gevrey-class 
functions, we get 



E ( f <$> + (t)dAf b (t) - [ <5> + (t)dAf pcr 
\Jr Jr 



(t) 



<Cn- l (l + 5Y {l+5 \ I EN, (3.22) 



with C independent of n, and I. Optimizing the r.h.s. of (3.22) with respect to I, we 
get 



E 



< exp (-(g + C)n ll ^ e+C) ) 



for sufficiently large n. Picking rj > 0, and choosing v > (g + C)rj and n > E v , we find 
that 



E 



<$> + (t)dN b (t) - / <5> + (t)dAf per {t) 



< e 



(3.23) 



for sufficiently small E > 0. Now the combination of (3.21) and (3.23) yields the 
upper bound in (3.3). The proof of the first inequality in (3.3) is quite similar, so 
that we will just outline it. Let if- G C^°(R) be a non-negative Gevrey-class function 
with Gevrey exponent g > 1, such that f R ip + (t)dt = 1, and supp<^ + C [— 7,7]- Set 
$ + := l^ 2bq _-sE 2 f, g+ Mj * ¥+■ Then $_ is Gevrey-class function with Gevrey exponent g. 



Similarly to (3.21) we have 

E (N pcv {2bq + E/2)- N pc *{2bq -E/2)) 



E f$_(t)dAf b (t) - [ $_(t)dJ\f peT (t) 



< 
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< M b {2bq + E) - M b {2bq - E). 
Arguing as in the proof of (3.23), we obtain 



(3.24) 



E (<&_(t)(Wb(t) - [ $-(t)dN peI (t) 



< e- E ~ n 



which combined with (3.24) yields the lower bound in (3.3). Thus, the proof of Theorem 
3.1 is now complete. 

Further, we introduce a reduced IDS p q related to a fixed Landau level 2bq, q G Z_. 
It is well-known that for every fixed 9 G T|jr we have a{h{9)) = W^L {2bq}, and 
dim Ker (h(6) - 2bq) = 2bL 2 /n for each q G Z + (see [5]). Denote by p q (9) : L 2 (A 2L ) -> 
L 2 (A 2L ) the orthogonal projection onto Ker {h{9) — 2bq), and by r q {6) = r qjrijUJ (9) the 
operator P q (9)V^p q (9) defined and self-adjoint on the finite-dimensional Hilbert space 
p q {9)L 2 {A 2L ). Set 

p g (E) = Pq ,nAE) = {2nT 2 [ N(E; r g ^{9))d9, E G R. (3.25) 

JA *2L 

By analogy with (3.1), we call the function p g , n ,w the IDS for the operator lZ q = TZ q ^ n ^ := 
J A , ®r q , nyUJ d9 defined and self-adjoint on V q L 2 (A 2 L x A^) where V q := J A » @p q {9)d9. 
Note that K q = V q V pcr V q . 

Denote by P q , q G Z+, the orthogonal projection onto Ker(if — 2bq). Evidently, V q = 
UP q U*. As mentioned in the Introduction, rankP 9 = oo for every q G Z + . Moreover, 
the functions 



e,(x) = e jV ,(s) := H)V^y J 0* + M'J e ~~ JX ^ 3 e Z +> 

(3.26) 

form the so-called angular- momentum orthogonal basis of P q L 2 (M. 2 ), q G Z + (see [8] or 
[3, Section 9]). Here 

^(f)- ( E o-^oih-oi ^' ?eR ' 9ez+ ' 3ez+ ' 

i=max{0,g— 'j\ 

are the generalized Laguerre polynomials. For further references we give here several 
estimates concerning the functions e^. If q G Z + , j > 1, and £ > 0, we have 

4^(J0 2 <J 2 ^ (3.27) 
(see [14, Eq. (4.2)]). On the other hand, there exists j > q such that j > j implies 

2+2q 



L t q W>J^(l) \j~<l) 2q (3-28) 
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if £ G [0, 1/2] (see [32, Eq. (3.6)]). Moreover, for j G Z + and q G Z + we have 



where 

. 9 



-2 



Jq\{2b)i 



A, - i (-iJL - A 2 ^j = -2 ie b ^-^e- b ^/\ z:=x 1 + ix 2 , (3.30) 



is the creation operator (see e.g. [3, Section 9]). Evidently, a* commutes with the 
magnetic translation operators r 7 , 7 G 2LZ 2 (see (2.6)). Finally, the projection P q , 
q G Z + , admits the integral kernel 



A^(x,x') = — e-^W^-lx-x'l 2 J, x,x'GM 2 , (3.31) 

where := 4 0) (0 e ~ €/2 > ( 6l. Since P q is an orthogonal projection in L 2 (R 2 ) we 

have ||-P g ||L 2 (R 2 )^L 2 (R 2 ) = 1- Using the facts that V q = UP q U* and V q := J A « ®p q (9)d9, 
as well as the explicit expressions (2.9) for the unitary operator U, and (3.31) for the 
integral kernel of P q , q G Z + , we easily find that the projection p q (9), 9 G T 2L , admits 
an explicit kernel in the form 

)C qb (x,x';9) = }_^{x'- x ) e -i^ x '^ 

Z7T 



^ q + «| 2 ) e- iea e^ {x+x ' )Aa e^ aia2 , x, x' G A 2L . (3.32) 

a62LZ 2 ^ ' 

Lemma 3.3. Let the assumptions of Theorem 3.1 hold. Suppose, moreover, that the 
random variables ou 7 , 7 G Z 2 ; are non-negative. 

a) For each cq G (l + ff 5 oo) there exists Eq G (0,26) such that for each E G (0,E ), 
9 G T^j almost surely 

N(E; r (9)) < N(E; h{9)) < N(c E; r (9)). (3.33) 

b) Assume H 4; i.e. 2b > M. Then for each c\ G (0, 1 — ||) ; c 2 G (l + ||,aoV t/jere 
exists Eq G (0, 26) si/x/j /or eac/j E G (0, i?o), # G T| i; and g > 1, almost surely 

N( Cl E; r q (9)) < N(2bq + E; h(9)) - N(2bq; h(9)) < N(c 2 E; r q (9)). (3.34) 

Proof. In order to simplify the notations we will omit the explicit dependence of the 
operators h, h , p q , and r q , on 9 G T^. Moreover, we set V q := p q D{h) = £> 9 L 2 (A 2 l), 
and C q := (1 — p q )D(h). At first we prove (3.33). The minimax principle implies 

N(E;h) > N(E;p hp 0]Vo ) = N(E;r ) 
15 



which coincides with the lower bound in (3.33). On the other hand, the operator in- 
equality 

h > p (h + (1 - S)V^) Po + (1 - p )(h + (1 - S'^V^Xl - po), 5 G (0, 1), (3.35) 

combined with the minimax principle, entails 

N(E; h) < N(E;p (h + (1 - 5)V pc >op ) 

+ N{E- (1 - Po )(h + (1 - cT^na - Po)\c ) (3-36) 
< N{(1 - S)- l E; r ) + N(E + M(5 _1 - 1); (1 - p )/io(l - Po)|C )- 

Choose M(S^ 1 - 1) < 26, and, hence, c := {1-S)' 1 > 1 + f , and £ G (O^ft-Af^ -1 - 
1)). Since 

inf cr((l -p )/i (l -po)|c ) = 26, 

we find that the second term on the r.h.s. of (3.36) vanishes, and N(E; h) < N(cqE; vq) 
which coincides with the upper bound in (3.33). 

Next we assume q > 1 and M < 26, and prove (3.34). Note for any E\ G (0,26 — M) 
we have 

N(2bq;h) = N(2bq-E 1 ;h). 
Pick again § G ( 2 b+M ' *-0 so ^ na ^ C2 := — ^) 1 > ^- Then the operator inequality 

h > Pq (h + (1 - 5)V^)p q + (1 - p q )(h + (1 - 0^(1 - p ff ), 5 G (0, 1), 

analogous to (3.35), yields 

iV(26g + E; h) < N(2bq + E;p q (h + (1 - 5)V pcr )jV 9 ) 

+ iV(26g + E;(1- p q )(h + (1 - 0^(1 - p q )\ Cq ) 
< N(c 2 E; r q ) + N(2bq + E + M(6~ 1 - 1); (1 - p 9 )/i (l - P q )\c q )- 

On the other hand, the minimax principle implies 

N{2bq-E x] h) > N(2bq-E 1 ; (l- Pq )h(l-p q )\ Cq ) > N(2bq-E 1 -M; (l-p q )h (l-p q )\ Cq ). 

Thus we get 

N(2bq + E;h)- N(2bq - E x \ h) < N(c 2 E; r q ) 

+ iV(26g + E + M{5~ 1 - 1); (1 - p q )h Q (l - p q )\ Cq ) (3.37) 
- N(2bq -E x - M- (1 - p q )h (l - p q )\ Cq ). 

It is easy to check that 

2bq -E l -M> 2b(q - 1), 2bq + E + M (cT 1 - 1) < 2(q + 1)6 



16 



provided that E G (0, 26 - M(5 _1 - 1)). Since 

a((l - p q )h (l - p q )\ Cq ) n (2(q - 1)6, 2{q + 1)6) = 0, 

we find that the the r.h.s. of (3.37) is equal to NfaE; r q ), thus getting the upper bound 
in (3.34). 

Finally, we prove the lower bound in (3.34). Pick ( G ( 2 b-M > °°) > an< ^' nence c i := 
(1 + C) _1 G (0, |^). Bearing in mind the operator inequality 

h < Pq (h + (1 + C)V pcr )P q + (1 " P q )(h + (1 + C^nU - P„), 
and applying the minimax principle, we obtain 

N(2bq + E;h)> N(2bq + E;p q (h + (1 + QV^)p q ^ q ) 

+ iV(26g + E- (1 - p,)^ + (1 + C X )V^){1 - p q )\ Cq ) 
> N( Cl E; r q ) + N(2bq + E- M(£ _1 + 1); (1 - p g )/i (l - p q )\c q ). 

On the other hand, since V per > 0, the minimax principle directly implies 

N(2bq -E x ;h)< N(2bq - E x ; h ) = N(2bq -E X] {1- p q )h (l - p q ) ]Cq ). 

Combining the above estimates, we get 

N(2bq + E;h)- N(2bq - E X ] h) > N( Cl E; r q ) 

- \N(2bq + E- MiC 1 + 1); (1 - p q )ho(l - p q )\ Cq ) 

-N{2bq -Er.il- p q )h (l - p q )\ Cq )\ . (3.38) 

Since 

2{q - l)b < 2bq + E - M(C~ 1 + 1) < 2(q + l)b, 2(q - l)b < 2bq - E x < 2{q + 1)6, 

provided that E G (0,26 + M(C _1 + 1)), we find that the r.h.s of (3.38) is equal to 
N(c\E\ r q ) which entails the lower bound in (3.34). □ 

Integrating (3.33) and (3.34) with respect to 9 and uj, and combining the results with 
(3.3), we obtain the following 

Corollary 3.1. Assume that the hypotheses of Theorem 3.1 hold. Let q G Z + rj > 0. // 

q > 1, assume M < 26. Then there exist v = virf) > 0, d\ G (0,1), d 2 G (l,oo) ; and 
E > 0, such that for each E G (0, E ) and n > E~ u , we have 

E (p^faE)) - e~ E ~ v < N h {2bq + E) - N b {2bq) < E {p q ^{d 2 E)) + e~ E ~\ (3.39) 
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4 Proof of Theorem 2.1: upper bounds of the IDS 

In this section we obtain the upper bounds of Nb(2bq + E) — Nb(2bq) necessary for the 
proof of Theorem 2.1. 

Theorem 4.1. Assume that Hi - H 4 hold, that almost surely uo 1 > 0, 7 G 7?, and 
(2.1) is valid. Fix the Landau level 2bq, q G Z + . 

Assume that u(%) > C(l + 2 G M 2 , /or some x > 2, and C > 0. T/ien we 

/lave 

lim inf ln|ln(M(26g + g)-M(26g))| > _J_ , . 

Eio I ln£| _ x- 2 K ' } 

ii) Assume u(x) > Ce~ c ^' 3 , x G M 2 , for some (3 > 0, C > 0. Then we have 

M HMjfea^Wl >1 + j i (4 . 2) 

£|o In I In i?| /3 

m) Assume u{x) > Cl/^g^ . i a ._ a . i< e } /or some C > ; xo G M 2 , and e > 0. Then there 
exists 5 > stic/i t/ia£ we /iave 

Um , nf Wfj±|zjW > X + (4 .3) 
Eio ln|ln_E| 

Fix 9 G T* 2L . Denote by \j(0), j — 1, • • ■ , rank r qt n jU1 (9), the eigenvalues of the operator 
fq,n,uj{9) enumerated in non-decreasing order. Then (3.25) implies 

E (p q , n AE)) = jtty, / E(N(E; r q>n ,M)d9 = — / £ P(A,-(0) < £)d0 
W -/A 2i W A* l j=1 

(4.4) 

with £eI. Since the potential V is almost surely bounded, we have ia.nkr qn ^(9) < 
rankp g (#) =2bL 2 /ir. Therefore, (4.4) entails 

bL? f 

K(p qnLU (E)) < — - / ~P(r qnw (9) has an eigenvalue less than E)d9. (4.5) 

In order to estimate the probability in (4.5), we need the following 

Lemma 4.1. Assume that, for n ~ E~ v , the operator r q ^ n ^(9) has an eigenvalue less 
than E. Set L := (2n + l)a/2. Pick E small and I large such that L >> I both large. 
Decompose A 2 l = U 7g2 /z 2 nA 2i (7 + ^21)- Fix C > 1 sufficiently large and m = m(L,l) 
such that 

hi 2 <m< CbL 2 , (4.6) 

E > Ce -bl 2 /2+m\n(Cbl 2 /m) _ ^y-j 
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Then, there exists 7 G 2/Z 2 PI A 2 l and a non identically vanishing function ip G L 2 (IR 2 ) 
in the span of {^j, q }o<j<m, the functions e^ q being defined in (3.26), such that 



where VJ(x) = V£ cr (x + 7), and (•, := J A \ ■ \ 2 dx. 



(4.8) 



Proof. Consider ip G Ranp g (#) a normalized eigenfunction of the operator r q>n ^{6) cor- 
responding to an eigenvalue smaller than E. Then we have 



(4.9) 



Whenever necessary, we extend if by magnetic periodicity (i.e. the periodicity with 
respect to the magnetic translations) to the whole plane IR 2 . Note that 



tp(x) = (p(x; 



K qb (x, x'; 9)cp(x')dx' = — I e i6 V-^K qb (x, x')p{x')dx' 
A 2 , ' 2tt 



with x G A 2 l (see (3.31) and (3.32) for the definition of K qib and JC q:b respectively). 
Evidently, <p G L°°(1R 2 ), and since it is normalized in L 2 (A 2 ^), we have 

IMIl°°(r 2 ) < sup I / \K, q , b (x,x']6)\ 2 dx'\ < 

x€A 2 L \Ja 2 l J 

2 \ Va 

sup l / ^ q (x — x + a) ) dx J < C 

X&A 2L \ JA 2L \ aG2LZ 2 



(4.10) 



where 



2tt 



2/ e 



(4.11) 



and C depends on q and b but is independent of n and 0. 
Fix C\ > 1 large to be chosen later on. Consider the sets 



£+= <^ 7 G2/Z 2 nA 2L ; 



f W{x)?dx>±( l S [ 



|(^(x)| 2 (ix 



2ZZ 2 nA 2i ; / |^(x)| 2 rfx<-^f^ / |^ 

A+A 2! L l \ L / -M 2L 



'7+A 2! 

The sets £_ and £ + partition 2/Z 2 PI A 2 ^. 

Fix C 2 > 1 large. Let us now prove that for some 7 G £+, one has 



V* et {x)\ip{x)\ 2 dx<C 2 E / \<p(x)\ 2 dx. 

7+A 2 ; V 7+A 2 ; 



(4.12) 
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Indeed, if this were not the case, then (4.9) would yield 

-E £ f W{*)\ 2 dx < £ (7 Vr(x)\<f(x)\ 2 dx - E ! \ V {x)\ 2 Q 

< £ ( E I \v^)?dx- I Vr(x)Hx)\ 2 dx) 



'7+ A 2! •> 7+A 2 i 

(x)\ 2 dx. 



<-E(C 2 -l) £ [ \<P( 



'7+A 2i 

(4.13) 



On the other hand, the definition of £_ yields 

/ \ip(x)\ 2 dx = ^2 / \<f(x)\ 2 dx + / \(p(x)\ 2 dx 



//\ 2 r 

2. 



7g£ 

Plugging this into (4.13), we get 



< £ / \<p{x)\*dx + ±- £ (j) [ Ma 
7g£+ 7 7+A2; Ui 7e£ _ w 7a 2L 

< £ / |^)i 2 ^ + ^ / i^)i 2 d*. 

^pf , J 7+A 2i < ~'l </A 2L 



|(^(x)| 2 rfa;> £(C 2 - 1) fl- 7^ ) |(p(x)| 2 rfx (4.14) 



/ I r V / I — V * /I ^ v 

°1 JA 2L V ^1/ JA 2L 

which is clearly impossible if we choose (C 2 — l)(Ci — 1) > 1. 

So from now on we assume that (C 2 — l)(Ci — 1) > 1. Hence, we can find 7 G 2/Z 2 n A 2 l 
such that one has 

Vr{x)W{x)\ 2 dx < C 2 E j \cp(x)\ 2 dx, 

1 /p 2 



Hx)\'dx>-(- / \<p{x)\'dx. 

7+A 2i °1 \ L / VA 2 



Shifting the variables in the integrals above by 7, we may assume 7 = if we replace 
XT by VJ. Thus we get 



/ VJ(x)\<f(x)\ 2 dx<C 2 E [ \v(x)\ 2 dx, 

J A 2i J A 2 i 

Mx)\ 2 dx>^(j) 2 [ \^x)\ 2 dx. 

A 2i °1 V-^y </7+A 2L 
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Due to the magnetic periodicity of tp, we have 

\ip(x)\ 2 dx = 



7+A 2 



\ip(x)\ 2 dx 



which yields 



V u {x)\<p(x)\ 2 dx < C 2 E I \p(x)\ 2 dx, 

J Mi 



\ip(x)\ 2 dx > 



1 (I 



\tp(x)\ 2 dx. 



(4.15) 



(4.16) 



Let us now show that roughly the same estimates hold true for tp replaced by a function 
ip G P q L 2 (M. 2 ). Set ip := P q x^e e p where e 9 (x) := e l9x , x G IR 2 , and X- denotes the 
characteristic function of the set {x G M 2 ; |x|oo < L}. Note that <p — egip = e^PqX+eeP 
where x+ is the characteristic function of the set {x G IR 2 ; \x\oo > L}. Let us estimate 
the L 2 (A2L)-norm of the function tp — egip. We have 



\<P 



T^„/.l|2 



e ^lli 2( A 2i) 



^(z, x')x+{x')e iex ip{x')dx' 



dx 



< sup |9?(^)| 2 



ty q (x — x')^ q (x — x")x+(x')x+(x")dx'dx"dx, 

(4.17) 



the function \I/ being defined in (4.11). Bearing in mind estimate (4.10), and taking 
into account the Gaussian decay of ^ at infinity, we easily find that (4.17) implies the 
existence of a constant C > such that for sufficiently large L we have 



\<P 



^|||<e- 



-L/C 



As tp is normalized in L 2 (A 2 l), this implies that, for sufficiently small E, 



l>-|M|l and \\tp - e e ip\\ L < e 



-L/C 



(4.18) 



As V^ er is uniformly bounded, it follows from our choice for L and / and estimate (4.18) 
that, for E sufficiently small, 



mx)\ 2 dx>^ r (j 

A 2; °1 \ L 

- a U 



\p(x)\ 2 dx - C\\ip - e 9 ip\\ 2 L 



(x)\ dx, 



vr(x)mx)\ 2 dx 



A 2 L 

vr{x)W{x)\ 2 dx + cy 



mWl < C 2 E 



(x)\ dx. 
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Hence, we obtain inequalities (4.15) - (4.16) with ip replaced by ip G P q L 2 (R 2 ). Now, we 
write if> = Ylj>o a j e j ( see (3.26)). Using the fact that {ej}j>o is an orthogonal family 
on any disk centered at (this is due to the rotational symmetry), we compute 

/ \if}{x)\ 2 dx < I \ip(x)\ 2 dx = Kf I \ej(x)\ 2 dx, (4.19) 

JAo, J\x\<V2l „-^ n J\x\<V2l 



and 



>A 2l J\x\<V2l j>q J\x\<V2l 

[ \ip{x)\ 2 dx> [ \ip{x)\ 2 dx = Kf / \ej(x)\ 2 dx. (4.20) 

JA 2L J\x\<L - n J\x\<L 



\x\<L j> J\x\<_ 

Fix m > 1 and decompose -0 = if>o + ^ m where 



= y^Qjej, ^ m = cijej. (4.21) 

j'=0 j>m+l 



Our next goal is to estimate the ratio 

I\x\<V2i \ e j,q( x )\ 2 d x 
I\x\<l \ e j,q( x )\ 2 d x 



j > m + 1, (4.22) 



where I, m, and L satisfy (4.6) with suitable C, under the hypotheses that I, and hence 
m and L are sufficiently large. Passing to polar coordinates (r,9), and then changing 
the variable s = -!p- in both the numerator and the denominator of (4.22), we find that 



2j 



I\x\<l \H«(x)\ 2 dx j b Q L2/{2j) e-^-ils^Lt q \js) 2 ds' 
Employing estimates (3.27) and (3.28), we get 



(4.23) 



jo U) <C(q)(^—) ( 4 -24) 



where 

f(s) := In s — s, s > 0, 

and 

f _ r \ if j < 

e U> - \ bg. if J > 6L 2_ 

Note that the function / is increasing on the interval (0, 1). Since j > m + 1, and C, 
the constant in (4.6), is greater than one, we have ^- < 1. Therefore, 

U h e U-i)m ds < ^! e (7-9)/(w a /i). (4.25) 
J 
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On the other hand, using a second-order Taylor expansion of /, we get 



Consequently, 



M > Mi)) + S ~^jy- -\, ^ W), <3)W- 



t0) eV-M^ds > eV-*W'Us > € M e (i-^m))-^ _ ( 4 . 26 ) 

^(i)/2 2 



Putting together (4.24) - (4.26), we obtain 
f\ ^ /n,\eia(x)\ 2 dx ohl 2 f i \ 2q 



< - 26P / j \ 2g f i 9 exp (-W 2 + jln(^)) if j < 6L 2 , (4 - 2?) 
~ 3<J) \j ~q) | exp (-U 2 + j In (2g£)) if j > bL 2 . 

Now, using the computations (4.19) and (4.20) done for ifj m , as well as (4.6), we obtain 
\ii m {x)\ 2 dx<Ce- bl2 / 2+ml * {Chl2 ' 2 ^ ( \ij(x)\ 2 dx 



X 2 (4-28) 



Plugging this into (4.15) - (4.16), and using the uniform boundedness of V u , we get that 

|^ (x)| 2 rfx, 



jf K,(x)|^ (x)| 2 rfx< f(7 2 £; + C^ e 
2/j*(.)|»*.>(£g)'- 



W 2 +mln(CW 2 /2m) 1 U/,„f^l 2 , 



Taking (4.7) into consideration, this completes the proof of Lemma 4.1. □ 

Let us now complete the proof of Theorem 4.1. Assume at first the hypotheses of its 
first part. In particular, suppose that u(x) > C(l + l^l) -5 *, x G R 2 , with some x > 2, 
and C > 0. Pick 77 > 2/(x — 2), and i/q > max {-^2, ^} where v = 1/(77) is the number 
defined in Corollary 3.1. Finally, fix an arbitrary x 7 > x and set 

n~E~ U0 , L = (2n+l)a/2, l = E~^, m~E~^. 

Then the numbers m, /, and L, satisfy (4.6) - (4.7) provided that E > is sufficiently 
small. Further, for any 70 G ZZ 2 R A 2 l we have 

<W^>$> 7 / u(z-7M*)| 2 ^>^r~5> 7 / |^(x)| 2 rfx (4.29) 

l7l<i JA21 3 |7|<I JMl 
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with C3 > independent of 6 and E. Hence, the probability that there exists 7 G 
2ZZ 2 fl A 2 l and a non identically vanishing function ijj in the span of {ej}o<j< m such 
that (4.8) be satisfied, is not greater than the probability that 

T 2 u i < C 3 Er~ 2 = C 3 E^. (4.30) 

l7l<i 

Applying a standard large-deviation estimate (see e.g. [15, Subsection 8.4] or [22, Section 
3.2]), we easily find that the probability that (4.30) holds, is bounded by 

exp (c 4 Z 3 lnP(wo < C 3 E^)^j = exp (c A E^=* lnP(cu < C 3 E^ 

with C4 independent of 9 and E > small enough. Applying our hypothesis that 
F(lu <E)~ CE k , E i 0, with C > and n > 0, we find that for any x' > x, (9 E T£ £ , 
and sufficiently small i? > 0, we have 

P(r ?inA ,(0) has an eigenvalue less thanE 1 ) < exp ^— C^E*'- 2 \ \a.E[\ (4-31) 

with C5 > independent of 6> and i£. Putting together (3.39), (4.5) and (4.31), and 
taking into account that areaA^ = tt 2 L~ 2 , we get 

M b {2bq + E) - M b {2bq) < ^- exp (-C 5 E^ | In E\) + exp (—E~ v ) 
which implies 

ln|lnA4(26g + £) -jV 6 (26 ? )l 2 
hm mf : > 



Eio \laE\ x 7 - 2 

for any x 7 > x. Letting x 7 j x, we get (4.1). 

Assume now the hypotheses of Theorem 4.1 ii). In particular, we suppose that u(x) > 
Ce~°\ x \\ x E R 2 , C > 0, (3 > 0. Put = max{l,2//3}. Pick an arbitrary 0' > (3 and 
set 

/ = |ln£| 1//3 ', m-llnEl*. 

Then (4.6) - (4.7) are satisfied provided that E > is sufficiently small, and similarly 
to (4.29), for any 70 E 2/Z 2 H A 2i we have 



with Cq > independent of # and E. Arguing as in the derivation of (4.31), we get 
P(rW,(0) has an eigenvalue less than£) < exp (-C 7 \ \nE\ 1+2//3 ' \n\\nE\\ (4.32) 
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with C-j > independent of 9 and E. As in the previous case, we put together (3.39), 
(4.5) and (4.31), and obtain the estimate 

M h {2bq + E) - N b (2bq) < ^- exp (-C 7 \\nE\ 1+2/ ^' \n\\nE\) + exp (-£"") 

Z7T V / 

which implies 

ln|lnA4(26g + ^)-A4(26g)| > 2 

E|o ln|ln£| ~ /?' 

for any > (3. Letting /?' j /3, we get (4.2). 

Finally, let us assume the hypotheses of Theorem 4.1 iii). In particular, we assume that 
u(x) > Cl {xm 2.\ x _ XQ \ <£} with some C > 0, x G 1R 2 , and £ > 0. Due to t xq H t* o = H 
and r^l^g^.^.^i^r^ = l{xeR2;|x|< £ } we can assume without loss of generality that 
Xq = 0. Our first goal is to estimate from below the ratio 

J\ x -y\<e\'Pm(x)\ 2 dx 
Rj = Rjmq .= —f. rz: z rrrr-: (4.33) 

J\ x \<V2i\ V ™(x)\ 2 dx 

where 

i 

V m [x) := Cjej, q {x), x G M 2 , (4.34) 
with ^ c = (c , ci, . . . , c m ) G C m . 

Lemma 4.2. Lei g G Z + . Lei ir(s) = X]j=o c i s "'> s G M. Moreover, let p G Z + , 
p G (0, oo). Then we have 

!L \ p -(q+l)p n q(q+l) n p+l 



1(H) 



<r=Q 



(1 + pi)i {p + 2q+ 1)(9+1) 2 -Q 1 



< / |vr(s)| 2 e- s s p cis < (1 +p 9 )-^|c| 2 (4.35) 
Jo P + 1 



where c := (c , Ci, . . . , c q ) G C 9+1 and |c| 2 = |c | 2 + • • 

Proof. Let .M be the (9+1) x (9+1) positive-definite matrix with entries f£ s- 7+fc+p e _,s (is, 
j, fc = 0, 1, . . . , q. Then we have 



f P \n(s)\ 2 e- s s p ds = (Mc,c) < 
Jo 



Further, M. = J Q P £(s)ds where £(s), s G (0,p), is the rank-one matrix with entries 
s j+k+p e~ s s p , j, k — 0, 1, . . . , q. Obviously, 



11*00 



J2 s V e - s s p <(l + s q )e- s s p , sG(0,p), 

\ 3=0 
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and 



\M\\< [ P \\£(s)\\ds < f\l + s q )e- s s p ds< 
Jo Jo 



p + 1 

which yields the upper bound in (4.35). Next, we have 



^i|cP < |V( S )|V.* (436) 
Further, 

e -(i+g)p det < det M (4.37) 

where A4 is the (q + 1) x (q + l)-matrix with entries J P s^ +k+p ds = J, = 

0,1, ... ,q, and 

detjW = p 9(9+1) A g (4.38) 

where A q = A g (p) is the determinant of the (q + 1) x (g + l)-matrix with entries 
(j + k + p + 1) _1 , j,k — 0,1, ... ,q. On the other hand, it is easy to check that 

A„ = ^-f A _i, g > 1, p > 0, A = . 

Q (p + 2q + l)YllZl(p + q + r + l)2 ~ P ~ p+1 

Hence, for q > 1 and p > 



< A 9 . (4.39) 



Putting together (4.36) - (4.39) and using the upper bound in (4.35), we obtain the 
corresponding lower bound. □ 

In the following proposition we obtain the needed lower bound of ratio (4.33). 

Proposition 4.1. There exists a constant C > such that for sufficiently large m and 
I ratio (4.33) satisfies the estimates 

R 7 > e ~ Cmlnl (4.40) 
for each linear combination V rn of the form (4.34). 
Proof. Evidently, 



\V m (x)\ 2 dx = / \V m {x + l)\ z dx= / \(^P m )(x)\ 2 , (4.41) 

|x-7|<e J\x\<e J\x\<e 



[ \V m {x)\ 2 dx< [ \V m {x)\ 2 = 

J\x\<V2l J\x-i\<2-j2l 

[ \V m {x + 1 )\ 2 dx = [ |(r 7 P m )(x)| 2 dx, 

J\x\<2^l J\x\<2V2l 
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(4.42) 



the magnetic translation operator r 7 being defined in (2.6). Using the fact that r 7 
commutes with the the creation operator a* (see (3.30)), we easily find that (3.29) 
implies 

m 

(r,V m )(x) = J2~ c i( a *) q (W*e- 6 W 2 / 4 ) (4.43) 

3=0 

where z = X\ + ix^, C — ~~ |(7i ~~ 272), an d the coefficients Cj, j = 0,1, ... ,m, may 
depend on 7, b and q but are independent of x G IR 2 . Applying (3.26) and (3.29), we 
get 

m m 00 i£ 



j=o i=o fc=o 



e -^IV4^ g .^-^ML L 0-+^)( 6 |^|2 /2) (444) 
j=0 fc=0 



(Cf 
k\ 

with Cj, j = 0, 1, . . . , m, independent of x G M 2 . By [9, Eq.(8. 977.2)] we have 

E { ^L^\b\z\V2) = - <>) , (4-45) 

while the Taylor expansion formula entails 

r »_ c ^fL^^p) , (4 . 46) 

and [9, Eq. (8.971. 3)] yields 

q dis ^ = (-ir4C 9+S) (0, ^K. (4.47) 

Combining (4.43) - (4.47), we find that 

(r 7 P m )(x) = e C2 P m (x), xGM 2 , (4.48) 

where 

P m (x) = e- 6 i z iv^c^^^'+^4i + ;- 9) (6|z| 2 /2) = 



S! 

jf=0 s=0 



e-*WI*Y,z p - q <j>P,MA 2 m, (4-49) 



p=0 



and Pj g, p = 0, . . . , m + q, are polynomials of degree not exceeding q; moreover, if 
p < q, then the minimal possible degree of the non-zero monomial terms in 4> p , q , is q — p. 
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Bearing in mind that \e^ z \ 2 = e x ' 1 and |7| < ^l, we find that there exists a constant C 
such that for sufficiently large / we have 

i? 7 > e~ cl2 R (4.50) 

where 

fi w \V m (x)?dx 
R = JN - £ ' _ )l - , (4.51) 

J\x\<2V2l rmy^) \dx 

the functions V m being defined in (4.49). Passing to the polar coordinates (r,9) in 
M 2 , after that changing the variable s = br 2 /2, and taking into account the rotational 
symmetry we find that for each R > we have 

/( m+q /o\ v~<i 
\V m {x)\ 2 dx = — 
'M<* p=0 



r n m+ 1 fo\P~1 fP 

J <r \V m (x)\ 2 dx =-^J2(lJ J o s p - q e- s \<l>p, q {s)?ds 



m rp ( l rp 

s P e- s \Tl P , q (s)\ 2 ds + J2 s p e- s \U m (s)\ 2 ds; (4.52) 
P =o Jo P =i Jo 

if q = 0, then the second term in the last line of (4.52) should be set equal to zero. Here 



p = bR 2 /2, U p , q (s) = y/ 2 f (|) p p+M ( s ), p = m, U M = sj 2 f (§) V%™( S ), 

p = 1, . . . , q. Note that the degree of the polynomials U q tP does not exceed q, and the 
the degree of the polynomials II^p does not exceed q — p. Bearing in mind (4.52) and 
applying Lemma 4.2, we easily deduce the existence of a constant C > such that for 
sufficiently large m and / we have 



R > e 



-Cm In I 



which combined with (4.50) yields (4.40). □ 

Next, we pick an arbitrary rj and v = v{rj), the number defined in Corollary 3.1. Further, 
we choose <; > 1 and 5 G (0, 1/2) so that q (1 — 5) > 1 + 2u, and set 

l=\\nE\ s/2 , m~ q \ logE \ L=(2n+l)a/2. (4.53) 
log I logi?| 

Then, for E sufficiently small, (4.6) - (4.7) are satisfied. Further, we impose the addi- 
tional condition that ji := < 1 where C is the constant in (4.40), which is compatible 
with the conditions on q and 5 formulated above. Now, the probability that there exists 
7 G 2ZZ 2 R A 2 l and a non identically vanishing function ip in the span of {ej}o<j<m such 
that (4.8) be satisfied, is not greater than the probability that 

r 2 ^ cu 7 < l^E 1 '" = E 1 ~^\ lnE\ s . 
h\<i 



2n 



Arguing as in the derivation of (4.31) and (4.32), we conclude that for any 9 £ we 
have 

P(?"g,m,w has an eigenvalue less than E) < 

exp (C 8 / 2 logP(cu < E^^lnE^) < exp (-C 9 | \nE\ 1+5 \n | lnE\) (4.54) 

with positive C$ and Cg independent of 9 and > small enough. Combining the 

upper bound in (3.39), (4.5), and (4.54), we get (4.3). 

This completes the proof of the upper bounds in Theorem 2.1. 

5 Proof of Theorem 2.1: lower bounds of the IDS 

In this section we get the lower bounds of Afb(2bq + E) — Mb{2bq) needed for the proof 
of Theorem 2.1. 

Theorem 5.1. Assume that Hi - H4 hold, that almost surely cj 7 > 0, 7 £ 1? , and 
(2.1) is valid. Fix the Landau level 2bq, q £ Z + . 
i) We have 

b|l.M(2H+fl)-M(»»))l < _2_ 

eiq I hxE\ ~ x- 2 v ; 

where x zs t/ie constant in (1.2). 

Lei m(x) < e _c '' :c '' 3 ; x £ 1R 2 , /or some C > and /3 £ (0,2]. T/ien we /iawe 

ln(M(26g + E)-M(2ftg)) _ttk 
P l lnEl 1 + 2 //3 ^ C" 1 j 



iffie (0,2), and 



Hm . nf In { K(2H + g) - MW) > _^ /2 + 1 \ 
sj.o |lni?| 2 \b C J 

if (3 = 2. Therefore, 

lim sup MMA^ + < , + 2/3 . (5 . 4) 

Bjo ln|ln£| 

Note that the combination of Theorem 4.1 with Theorem 5.1 completes the proof of 
Theorem 2.1. 

Let us prove now Theorem 5.1. Pick 77 > — ^ i n the case of its first part, or an arbitrary 
77 > in the case of its second part. As above, set n ~ E~ u where v = 1/(77) is the 
number defined in Corollary 3.1, and L = (2n + l)a/2. Bearing in mind the lower 
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bound in (3.39), and (4.4), we conclude that it suffices to estimate from below the 
quantity 

/rank r q , n ,ui(d) 
< E)d9 (5.5) 
-4l j=1 

> (2tt)^ 2 / P(Ai(0) < £)d0. 



A 2L 



Fix an arbitrary 9 £ T^. Evidently, P(Ai(#) < E) is equal to the probability that there 
exists a non-zero function / £ Ranr gi „ iW (6 l ) such that 

/ V^fix-e^dxKE f \f(x;9)\ 2 dx. (5.6) 

Further, pick the trial function 

<p(x;6) = e-^ +7) (r 7 (^)(x), x £ A 2L , 5 £ T* 2L , (5.7) 

7G2LZ 2 

where 

(p(x) = (p q (x) := z^e - ^ 2 ' Z 4 , z = Xi + ix 2 , z = X\ — ix 2 - (5.8) 

Since the function (p q is proportional to e , g (see (3.26)), we have cp £ Ranr ' q , n>u) {9). 
Therefore, the probability that there exists a non-zero function / £ ~Ra.nr q ^ n ^{9) such 
that (5.6) holds, is not less than the probability that 



V UJ (x)\(p(x; 6)\ dx < E / \tp(x;9)\*dx. (5.9) 

A 2 l J Ml 

Lemma 5.1. Let the function <p be defined as in (5.7) - (5.8). Then there exist L > 
and C\ > independent of 9 such that L > L implies 

\ip(x;9)\ 2 dx > ci. (5.10) 

Proof. We have <^ = <^ + <y2oo where 

<p (x;9) = e- iax <p(x), (5.11) 

^oc(x;0)= ]T e-^ + ^(r 7 ^)(x). (5.12) 

7G2LZ 2 ,7^0 
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Note that 

-cL 2 



sup |</?ooO;0)| < ce~ cL (5.13) 



with c independent of L and 9. Further 

1 



\tp(x;6)\ 2 dx > ^ I \^{x-9)\ I dx-2 j \ Voo (x-6)\ 2 dx 



> - I \${x)\ 2 dx-%cL 2 e-~ cl 



2 

Taking into account that J R2 \(p\ 2 dx = (J J q\, we find that (5.14) implies (5.10). □ 
By assumption we have 

u(x) < Cv(x), C > 0, xeR 2 , (5.15) 

where v(x) := (1 + |x|)~^ in the case of Theorem 5.1 i), and v(x) := e~ c ^ in the case 
of Theorem 5.1 ii). Since cj 7 > 0, inequality (5.9) will follow from 

^cj 7 / v(x--f)\(p(x;6)\ 2 dx < c 2 E (5.16) 

where c 2 = CiC" 1 , C being the constant in (5.15), and c\ being the constant in (5.10). 
Next, we write 

ujj / v(x — j)\<p(x; 9)\ 2 dx < 

2 2^ ^7 / f (x — 7)|<y5 (x; 6 l )| 2 <ix + 2 ^ cu 7 / -u(x — 7)|</? ao (x; 6>)| 2 cb (5.17) 
7eZ 2 2L 7 ez 2 ^ A2L 

where </? and t^oo are defined in (5.11) and (5.12) respectively. 

Lemma 5.2. Fix q G Z + . 

Lei x > 0, 6 > 0. T/ien i/iere exists a constant d > stzc/i i/iai /or eac/i y G M 2 , 
L > 0, and 6 G T^, we /iave 

(1 + \x - y\)-"\<p (x; 6)\ 2 dx < c'(l + \y\)-". (5.18) 

ii) Let (3 G (0,2], b > 0, C > 0. If P E (0,2), sei 6 := C. I//? = 2, sei 6 := ^T&- 
Then for each b\ < bo there exists a constant c" > such that for each y G M. 2 , L > 0, 
and 9 G T^ L , we have 



e 

A 2 i 



-°^ \cp o {x;6)\ 2 dx < c"e- bM ". (5.19) 
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We omit the proof since estimates (5.18) - (5.19) follow from standard simple facts 
concerning the asymptotics at infinity of the convolutions of functions admitting power- 
like or exponential decay, with the derivatives of Gaussian functions. In the case of 
power-like decay, results of this type can be found in in [3 1, Theorem 24.1], and in the 
case of an exponential decay similar results are contained in [12, Lemma 3.5]. 
Using Lemma 5.2, we find that under the hypotheses of Theorem 5.1 i) we have 

2^^ 7 /" t;(2-7)|^o(£;#)| 2 Gte<c 3 ^^ 7 (l + 7|r", (5.20) 

while under the hypotheses of Theorem 5.1 ii) for each b\ < bo we have 

2 E u -y I v ( x ~ Q)?dx < c 3 E ^e~ blh{2 i (5-21) 

where C3 is independent of L and 9. Further, for both parts of Theorem 5.1 we have 

I w(x-7)|(^ 00 (x;^)| 2 rfx < c A L 2 e~~ cL2 (5.22) 

where C4 is independent of L and 8, and c is the constant in (5.13). Since L ~ E~ u , 
v > 0, we have 

c 2 E - c A L 2 e~~ cL2 > (5.23) 

for sufficiently small E > 0. Combining (5.17) with (5.20) - (5.23), and setting C5 = 
c 2 /(2c 3 ), we find that (5.16) will follow from the inequality 

^^Csa + M)-* <c 5 E, (5.24) 

7SZ 2 

in the case of Theorem 5.1 i), or from the inequality 

E ^e- blhl ' 3 < c 5 E, b x < b , (5.25) 



in the case of Theorem 5.1 ii). Now pick / > and write 

j> 7 (i+| 7 ir<< e ^+ E ^br", (5.26) 

7SZ 2 7eZ 2 ,|7|<« 7£Z 2 ,|7|>Z 

E^e- &l|7|/3 < E ^+ E ^~ blbf - (5-27) 

7SZ 2 7£Z 2 ,|7|<« 7£Z 2 ,| 7 |>Z 

Evidently, for each x! £ (2, x) and 62 < b\ there exists a constant cq > such that 

E ^W<c^ + \ (5.28) 
7 ez 2 ,|7|>/ 
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^e~ b ^ < c 6 e- b ^ . (5.29) 

7 ez 2 ,| 7 |>i 
Fix I and c 7 £ (0, c 5 ) such that 

r v+2 = (5 30 ) 

in the case of Theorem 5.1 i), or 

e _w* = (5 31) 
c 6 

in the case of Theorem 5.1 ii). Putting together (5.26) - (5.31), we conclude that (5.24), 
or, respectively, (5.25) will follow from the inequality 

^ 7 < c 7 E (5.32) 

7£Z 2 ,| 7 |<« 

provided that I satisfies (5.30) or, respectively, (5.31). Set 

N(l) :=#{ 7 a 2 ; | 7 |</}, 

so that we have 

N(l) = tt/ 2 (1 + o(1)), l^oo. (5.33) 

Evidently, the probability that (5.32) holds, is not less than the probability that cj 7 < 
c 7 E/N{l) for each 7 £ Z 2 such that I7I < I. Since the random variables cg> 7 are identically 
distributed and independent, the last probability is equal to IP(co»o < c 7 E/N(l)) N ( l \ 
Combining the above inequalities, and using the lower bound in (3.39), we get 

K(2bq + E) - M b {2bq) > P( Wo < c 7 E/N{l)) N ® - e~ E ~\ (5.34) 

(2tt) 2 

where / is chosen to satisfy (5.30) with an arbitrary x 7 £ (2, x) in the case of Theorem 
5.1 i), or to satisfy (5.31) with an arbitrary fixed 62 < ^0 in the case of Theorem 5.1 ii). 
Putting together (5.34), (2.1), (5.30), and (5.33), we get 

ln|ln(M(26g + S)-M(26g))l 2 
hm sup : < 



E10 



InE ~ x 7 - 2 



for any x 7 £ (2, x) such that r] > ^r^. Letting x 7 j x, we get (5.T 
Similarly, putting together (5.34), (2.1), (5.31), and (5.33), we get 

liminf ln ^ 2bq + E ^~ ^(Zbq)) > _ttk 
eio |ln£| 1+ ? ~ b 2 
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for any b 2 < bo. Letting 

b T6 -J * if ^°' 2 )' 

we get (5.2) - (5.3). 
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